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Abstract

This paper considers inference on functionals of semi/nonparametric conditional moment re-
strictions with possibly nonsmooth generalized residuals. These models belong to the difficult
(nonlinear) ill-posed inverse problems with unknown operators, and include all of the (nonlinear)
nonparametric instrumental variables (IV) as special cases. For these models it is generally diffi-
cult to verify whether a functional is regular (i.e., root-n estimable) or irregular (i.e., slower than
root-n estimable). In this paper we provide computationally simple, unified inference procedures
that are asymptotically valid regardless of whether a functional is regular or irregular. For possibly
irregular functionals of these models we establish the following new results: (1) the asymptotic
normality of the plug-in penalized sieve minimum distance (PSMD) estimators of the functionals;
(2) the consistency of sieve variance estimators of the plug-in PSMD estimators; (3) the asymptotic
chi-square of an optimally weighted sieve quasi likelihood ratio (SQLR) statistic; (4) the asymp-
totic tight distribution of a possibly non-optimally weighted SQLR statistic; (5) the consistency of
the nonparametric bootstrap and the weighted bootstrap (possibly non-optimally weighted) SQLR
and sieve Wald statistics. A Monte Carlo study and an empirical application of a nonparametric
quantile IV regression are presented.
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1 Introduction

This paper is about inference on functionals of the unknown true parameters ag = (6j, ho) satisfying

the semi/nonparametric conditional moment restrictions
Elp(Yi, Xi;00, ho1 (), -, hog ()| Xs] =0 a.s. — X;, (1.1)

where Y] is a vector of endogenous variables and X; is a vector of conditioning (or instrumental)
variables. The conditional distribution of Y; given X;, Fy; x,, is not specified beyond that it satisfies
(@I). p(-;00,h0) is a d, x 1—vector of generalized residual functions whose functional forms are
known up to the unknown parameters ag = (6, ho) € © x H, with 6y = (6o1,...,004,)' € ©
being a dy x 1—vector of finite dimensional parameters and ho(:) = (hoi(-), ..., hog(+)) € H being a
1 x dg—vector valued functions. The arguments of each unknown function h,(-) may differ across
¢ =1,...,q, may depend on 6, hy(-), ¢ # ¢, X; and Y;. The residual function p(-;«) could be
nonlinear and pointwise nonsmooth in the parameters o = (6',h) € © x H.

The general framework (L)) nests many widely used nonparametric and semiparametric mod-

els in economics, finance and statistics. Well known examples include nonparametric mean in-

strumental variables regressions (NPIV): E[Y5; — ho(Y1,)|X;] =0 (e.g., IH.alLaml_Hmmuizj dZOD_d],

Carrasco et alJ M], Blundell et alJ HM’ZI], Darolles et alJ [2011], HQI’QWiLA 2011]); nonparamet-
ric quantile instrumental variables regressions (NPQIV): E[1{Ys; < ho(Y1,)} — v[X:] = 0 (e.g.

12005, IChernozhukoy et all (2007], Horowitz and Led [2007],

2!!13], liardini an illetl [2011]); the system of shape-invariant mean or quantile IV Engel
curves (e.g., Blundell 1. [2007], |Chen and Pouzd |2 1); random coefficient panel data re-

gressions (e.g., bham.@n]aﬂ M], IQLab.am_am_&m&d NZDJA]); semi-nonparametric asset pricing
models (e.g., [H_anw]_am_ﬂmhad ﬂ]ﬂﬁﬂ],b&llam_am_ilamhmi Vh%d],bb&u_and_Ludmgst ﬂZDD}J]);

semi-nonparametric static and dynamic game models (e.g. |Baiari et alJ 2011]); nonparametric

optimal endogenous contract models (e.g., Bontempts et al 2!!13]). Additional examples of the

general model (L)) can be found in IQh.a‘mherlanJ l&‘ﬂ] M;L&Ddﬂm&d ﬂZM)ﬁJ] IA.l_aJld_thm|
, IChen and Pouz A 201 é Chen et al J 2011] and the references therein. In fact, model (L.1)

1ncludes all of the (nonlinear) semi-nonparametric IV regressions when the unknown functions hg(-)

depend on the endogenous variables Y;:
E[p(Ya,i; 00, ho(Y1,))|Xi] = 0, (1.2)

which could lead to difficult (nonlinear) nonparametric ill-posed inverse problems with unknown
operators.

Let {Z; = (Y], X])'}"_, be a strictly stationary ergodic sample with the distribution of Z; the



same as the distribution of Z = (Y, X')’, and Fy,x, = Fy|x. Then we can rewrite model (LT)) as
E[p(Z;00,ho(-))|X] =0 a.s. — X. (1.3)

Let ¢ : © x H — R% be a functional with a fixed finite dy > 1. Typical functionals include
an Euclidean functional (¢(a) = 6), an evaluation functional ¢(a) = h(g,) (for y; € supp(¥1)),
weighted derivative functionals ¢(h) = [a(y1)Vh(y1)dy: or [a(y1) [V2h(y1)]2 dy; (for a known
positive weight a(-)) and many others. We are interested in simple valid inference on any ¢(ag) of
the general model (L3)).

As pointed out in|Chamberlain [1992] and |Ai and Chen [2009], there is generally no closed form
solution for the semiparametric efficiency bound of ¢(a) (including 6y) satisfying the model (L3]),
especially so when the residual functions p(-; 6y, hg) contain several unknown functions and/or when
the unknown functions hg(-) of endogenous variables enter p(-; 60y, hg) nonlinearly. Therefore, it is
very difficult for applied researchers to verify whether the semiparametric efficiency bound for ¢(ayg)
is singular or not. Since a non-singular efficiency bound is a necessary condition for ¢(ag) to be
root-n estimable, it is highly desirable for applied researchers to be able to conduct simple valid
inference on ¢(ay) regardless of whether it is root-n estimable or not. This is the main goal of our
paper.

In this paper, for the general model (I.3]) that could be nonlinearly ill-posed and for any func-
tionals ¢(«) that may or may not be root-n estimable, we first establish the asymptotic normality
of the plug-in penalized sieve minimum distance (PSMD) estimator ¢(a,,) of ¢(ag). For the model
([L3]) with (pointwise) smooth residuals p(Z; «) in ag, we propose a simple sieve variance estimator
for possibly slower than root-n estimator ¢(a,,). However, there is no simple variance estimator for
¢(ay,) when p(Z, ) is not pointwise smooth in o (without estimating an extra unknown nuisance
function or using numerical derivatives). We then consider a PSMD criterion based test of the null
hypothesis ¢(ag) = ¢o. We show that an optimally weighted sieve quasi likelihood ratio (SQLR)
statistic is asymptotically chi-square distributed under the null hypothesis. This allows us to con-
struct confidence sets for ¢(ag) by inverting the optimally weighted SQLR statistic, without the
need to compute a variance estimator for ¢(a,,). Nevertheless, in complicated real data analysis
applied researchers might like to use simple but possibly not optimally weighed PSMD procedures
for estimation of and inference on ¢(«ap). We show that the non-optimally weighted SQLR statis-
tic still has a tight limiting distribution regardless of whether ¢(ay) is root-n estimable or not.
We establish these large sample theories allowing for weakly dependent data. In addition, for i.i.d.
data, we establish the consistency of both the nonparametric and weighted bootstrap (possibly non-

optimally weighted) SQLR statistics under virtually the same conditions as those used to derive



the limiting distribution of the original-sample SQLR statistic The bootstrap SQLR would then
lead to alternative confidence sets construction for ¢(ag) without the need to compute a variance
estimator for ¢(ay,).

To the best of our knowledge, our paper is the first to provide a unified theory about criterion
based inference on any ¢(«ag) satisfying the general semi-nonparametric model (I.3]). Our results
allow applied researchers to obtain limiting distribution of the plug-in PSMD estimator ¢(a;,) and
to construct confidence sets for any ¢ () regardless of whether it is regular (i.e., root-n estimable)
or irregular (i.e., slower than root-n estimable).

In this paper we focus on PSMD based inference on possibly slower than root-n estimable
¢(ap) of the general model (I3). Our results build upon recent literature on identification and
estimation of the unknown true parameters ag = (6, ho) satisfying the model (L3]). See, e.g.,
Newey and Powell [2003] and (Chen et all [2011] for identification; Newey and Powell [2003],/Chernozhukov et al.
[2007], IChen and Pouzo [2012] and |[Liao and Jiang [2012] for consistency of their respective esti-
mators; and |Chen and Pouzd [2012] for the rate of convergence of the PSMD estimator of hg(). In
particular, under virtually the same conditions as those in [Chen and Pouzo [2012], we show that
our nonparametric and weighted bootstrap PSMD estimators of ag = (6, ho) are consistent and
achieve the same convergence rate as that of the original-sample PSMD estimator &,,. This result
is then used to establish the consistency of the bootstrap SQLR (and sieve Wald) statistics under
virtually the same conditions as those to derive the limiting distributions of the original-sample
SQLR (and sieve Wald) statistics. It is also very useful for the consistency of the bootstrap Wald
statistic for semiparametric two step GMM estimators of regular functionals when the first step
unknown functions of endogenous variables are estimated via a PSMD procedure.

There are some published work about estimation of and inference on #j satisfying the model
(L3) when 6y is regular. See |Ai and Chen [2003], |Chen and Pouzo |2009a] and Otsu [2011] for
the root-n asymptotically normal and efficient estimation of 6p; |Ai and Chen [2003] for consistent
variance estimation of the sieve minimum distance (SMD) estimator 6 (with smooth residuals); and
Chen and Pouzo [2009a] for consistent weighted bootstrap approximation of the limiting distribu-
tion of \/ﬁ(/é —0p) for the PSMD estimator 0 (with possibly nonsmooth residuals). However, none
of these papers allows for irregular 6. When specializing our general theory to inference on 6y
of the model (3] with i.i.d. data, we immediately recover the results of |Ai and Chen [2003] and
Chen and Pouzo [2009a] for regular 6. Additionally, our results remain valid even when 6y might
be irregular, and we provide valid bootstrap (possibly non-optimally weighted) SQLR inference.

When specializing our theory to inference on a specific irregular functional, the evaluation

functional ¢(ar) = h(y;), of the (nonlinear) semi-nonparametric IV model (I2]), we automati-

4At the costs of extra heavy notation and additional pages of proofs, we could also establish the consistency of
block bootstrap (possibly non-optimally weighted) SQLR statistic for strictly stationary weakly dependent data. We
leave it for future research.



cally obtain the pointwise asymptotic normality of the PSMD estimator of hy(y;) and different
ways to construct its confidence set. These results are directly applicable to the NPIV example
with p(Ya;600,ho(Y1)) = Yo — ho(Y1) and to the NPQIV example with p(Y3; 00, ho(Y7)) = 1{Ys <
ho(Y1)} — ~. HorowitZ [2007] and |Gagliardini and Scaillet [2011] established the pointwise asymp-
totic normality of their kernel based function space Tikhonov regularization estimators of ho(7;)
for the NPIV and the NPQIV examples respectively. As demonstrated in |Chen and Pouzo [2012],
the PSMD estimators are easier to compute for the general model (3] with possibly nonlinear
residuals. In this paper we illustrate that it is also much easier to conduct the SQLR inference
or a sieve Wald inference on a possibly irregular ¢(ag) based on its plug-in PSMD estimator.
Immediately after the first version of our paper was presented in April 2009 Banff conference on
semiparametrics, the authors of Horowitz and Lee [2011] informed us that they were independently
and concurrently working on uniform confidence bands for a particular SMD estimator of the NPIV
example. Assuming that hy() belongs to a Sobolev ball with a bounded support and also satisfies
some shape restrictions, their proof strategy depends crucially on the closed form solution of their
SMD estimator of the NPIV example. We consider PSMD based inference on any possibly irregular
@(ap) of the general nonlinear semi-nonparametric model (L3]), in which the parameter space may
not be compact and the PSMD estimator may not have a closed form solution.

The rest of the paper is organized as follows. Section 2] presents the plug-in PSMD estimator
é(a,) of any functional ¢ evaluated at ag = (6f, ho) satisfying the model (L3]). It also illustrates
the asymptotic results that will be established in the subsequent sections through an evaluation
functional ¢(a) = h(y,) and a weighted integration functional ¢(h) = [a(yi)h(y1)dy: of the
NPQIV example. Section [ derives the asymptotic normality of ¢(&,,) regardless of whether ¢(ayp)
is regular or not. It also shows that any possibly non-optimally weighted SQLR statistic still has a
tight asymptotic distribution. Section M provides inference procedures based on asymptotic critical
values. Section [l establishes the consistency of the bootstrap SQLR statistic and the bootstrap
sieve Wald statistic for possibly irregular functionals. Section [0] presents a simulation study and an
empirical illustration of the SQLR based confidence sets for the NPQIV regression. Section [7] briefly
concludes with future research. Appendix [Al presents additional low level sufficient conditions and
the consistency of a sieve score bootstrap. Appendices Bl and [(] contain supplementary lemmas
and all the proofs.

Notation. We use “=” to implicitly define a term or introduce a notation. For any column
vector A, we let A’ denote its transpose and ||A||. its Euclidean norm (i.e., ||4|lc = VA'A, al-
though sometimes we use |A| = ||A]| for simplicity). Let ||A|[?, = A'W A for a positive definite
weighting matrix W. Let Apax(W) and Apin(W) denote the maximal and minimal eigenvalues
of W respectively. All random variables Z = (Y, X"), Z; = (Y/, X!)" are defined on a complete
probability space (Z, Bz, Pz), where Py is the joint probability distribution of (Y’, X’). We define



(2°°,B%, Pz~) as the probability space of the sequences (Z1, Zs, ...). For simplicity we assume that
Y and X are continuous random variables. Let fx (Fx) be the marginal density (cdf) of X, and
fyix (Fy|x) be the conditional density (cdf) of Y given X. We use Ep[-] to denote the expectation
with respect to a measure P. Sometimes we use P for Pz and E[] for Ep,[]. Denote LP(Q,du),
1 < p < o0, as a space of measurable functions with ||g||zr(0,a.) = {[q lg(®)Pdp() /P < oo,

where © is the support of the sigma-finite positive measure du (sometimes LP(du) and ||g|e(ap)

[e.e]

are used for simplicity). For any (possibly random) positive sequences {a,}>2; and {b,}>,

an = Op(b,) means that lim,_ limsup,, Pr (a, /b, > ¢) = 0; a,, = op(by,) means that for all £ > 0,
lim,, o, Pr(a,/b, >¢) = 0; and a, =< b, means that there exist two constants 0 < ¢; < ¢ < 0
such that cia, < b, < c2a,. We use A, = Ak(n) and H, = Hk(n) to denote various sieve spaces.
To simplify the presentation, we assume that dim(Ayq,)) < dim(Hy)) =< k(n), all of which grow
to infinity with the sample size n. We use “wpal” to mean “with probability approaching one”.
We use const., c or C' to mean a positive finite constant that is independent of sample size but can

take different values at different places.

2 PSMD Estimation and SQLR Inference: An Overview

2.1 The Penalized Sieve Minimum Distance Estimator

Let {Z; = (Y], X])'}!_, be a strictly stationary weakly dependent sample with Fz, = F and

Fy,x, = Fyix. Let m(X,a) = E[p(Y,X;0)|X] = [p(y, X;a)dFy|x(y). Let £(X) be a positive

definite weighting matrix, and
Q(a) = B [m(X,)'S(X)"'m(X, a)] = E[|[m(X, a)|[%-1]

be the population minimum distance (MD) criterion function. Then the semi/nonparametric con-
ditional moment model (3] can be equivalently expressed as m(X,ag) = 0 a.s. — X, where
ap = (04, ho) € A= 0O x H, or as

inf Q@) = Q(ag) = 0.

acA

Let Xo(X) = Var(p(Y, X; ap)|X) be positive definite for almost all X. We call E |||m(X, oz)||22,1]
0
the population optimally weighted MD criterion function.

Let ¢ : A — R% be a functional with a fixed finite dg > 1. We are interested in inference on
od(ap). Let

Qnla) = % S (X, ) S(X0) (X, ) (2.1)
=1



be a sample estimate of Q(«), where m(X, a) and i(X ) are any consistent estimators of m(X, «)
and (X)) respectively. When 3(X) = $0(X) is a consistent estimator of the optimal weighting
matrix Xo(X), we call the corresponding @n(a) the sample optimally weighted MD criterion.

We estimate ¢(ag) by ¢(ay,), where o, = (@;,ﬁn) is an approximate penalized sieve minimum
distance (PSMD) estimator of ag = (65, ho), defined as

On(Gn) + AnPen(hy) < inf {@n(a) + )\nPen(h)} + Op,ee (), (2.2)
OlE.Ak(n)

where {n,,}22, is a sequence of positive real values such that n,, = o(1); A\, Pen(h) > 0 is a penalty

term such that A, = o(1); and A,y = © X H(,,) is a finite dimensional sieve for A = © x H, more

precisely, Hy,) is a finite dimensional linear sieve for H:

k(n)
Himy = qh € H:h( Zﬁqu B¢ )Y k(n) /oo slowly as n /oo, (2.3)

where {g; }72 , is a sequence of known basis functions of a Banach space (H, ||-||z) such as wavelets,
splines, Fourier series, Hermite polynomial series, etc.

For the purely nonparametric conditional moment models E [p(Y, X; ho(+))|X] = 0,/Chen and Pouzo
[2012] proposed more general approximate PSMD estimators of hg by allowing for possibly infinite
dimensional sieves (i.e., dim(Hk(n)) = k(n) < c0). Nevertheless, both the theoretical properties and
Monte Carlo simulations in |(Chen and Pouzd [2012] recommend the use of the PSMD procedures
with finite dimensional sieves.

In this paper we first establish the large sample theories under a high level “local quadratic
approximation” (LQA) condition, which allows for weakly dependent data and any consistent
nonparametric estimator m(X, a) of m(X,a). We then provide low level sufficient conditions for
this LQA assumption when data is i.i.d. and m(X, «) is a series least squares (LS) estimator of
m(X,a):

mX,a)=p "(P'P)~ Z p" (X)) p(Zi, ), (2.4)

where {p]()} © , is a sequence of known basis functions that can approximate any square integrable
functions of X well, p/n(X) = (p1(X), ..., ps, (X)), P = (p’(X1),...,p" (X)), and (P'P)~ is the
generalized inverse of the matrix P’P. To simplify the presentation, we let p/» (X) be a tensor-
product linear sieve basis, and J,, be the dimension of p”/» (X) such that J, — oo slowly as n — oc.
See, e.g., Neweyl [1997], Huang [1998] and (Chen [2007] for more details about tensor-product linear

sieves.



2.2 Preview of the SQLR Inference

For simplicity we let ¢ : A — R be a real-valued functional. Let an = ¢(a,) be the plug-in
PSMD estimator of ¢(ag). Under some regularity conditions we establish in Theorem [B1] that a
self-normalized centered {¢(a;,) — ¢(ag)} is asymptotically normal regardless of whether ¢(ayg) is

\/n estimable or not. Denote

QLR,(¢;) = n< inf @n(a)—@n(&n)> (2.5)

a€Ag(n):9(a)=¢q

- <a€v4k(ni)1:1£(a)=¢o Qnl) - aéﬁlzf(n) @nlo )> Fore (V)

as the sieve quasi likelihood ratio (SQLR) statistic. It becomes an optimally weighted SQLR statistic
when @n(a) is the optimally weighted MD criterion. Under some regularity conditions, we show in
Theorem [3.2] that the @n(¢0) is stochastically bounded under the null hypothesis of ¢(ap) = ¢y,
and that the optimally weighted SQLR statistic is asymptotically chi-square distributed regardless
of whether ¢(ag) is y/n estimable or not.

We also consider two bootstrap versions of the SQLR statistic: the nonparametric bootstrap
SQLR and the Bayesian (or weighted) bootstrap SQLR. Let Q/LT%f denote a bootstrap version of
the SQLR statistic:

CjL\Rf@n)En< inf Qi(a)— inf Qf(a )) (2.6)

Q€A (ny:b(0) =0y, @€ A(n)

where En = ¢(di,,) and QB (a) is a bootstrap version of Qy,(c):

= - Z (X;,a)S(X) 'mB(X;, a), (2.7)
where mP(x, ) is a bootstrap version of m(x, ) (see Section [ for details). In Theorem we

/\B ~
establish that under the null hypothesis of ¢(ap) = ¢y, QLR,, (¢,,) converges to the same limiting
distribution as that of CjL\Rn(qu), even for possibly non-optimally weighted SQLR statistic and

possibly irregular functionals.

An illustration via the NPQIV example. As an application of their general theory,
Chen and Pouzd [2012] presented the consistency and the rate of convergence of the PSMD es-
timator En € Hy(n) of the NPQIV model with i.i.d. data:

Yy =ho(Y1) + U, Pr(U<0|X)=1. (2.8)



In this example we have 3¢(X) = v(1 — 7). So we could use i(X) =v(1 —~) and @n(a) given in
([21) becomes the optimally weighted MD criterion.
Applying Theorem B.] of this paper, we immediately obtain:

\/EM = N(0,1), where

[V ] sa

gz, = 220 g (g () 7 2
Ruy = ==y (Bl x O () X1 oy, x 0 (7)|XT ).

For the evaluation functional ¢(h) = h(g;) we have %[qk(n)(')] = ¢*™(g,). For the weighted

integration functional ¢(h) = [ a(y1)h(y1)dy; we have %[qk(")(')] = [ aly1)qd"™ (y1)dy: .
Under very mild condition (see, e.g., [Chen and Pouzd [2012]), the conditional expectation op-

erator Th = E [ fy}y;, x (0)h(Y1)|X] mapping from h € H to L*(fx) is compact, so is its adjoint

operator T™. Thus we have
T*T;(V1) = p5¢;(Y1), gy > ps > ..\ 0,

where {Q,Z)j(Yl) 1y > 1} is the eigenfunction sequence and {,u? 1> 1} is the eigenvalue sequence
of the self-adjoint compact operator T*T. Suppose that (¢¥(-)) is a Riesz basis for H such that
Hi(n) = clsp{wj(Yl) :j=1,..,k(n)}. Then Ryn) = ﬁDiag {u%, ...,,uz(n)} and

k(n) 2
leali =201 =0 3 1% (e,
i=1

For the evaluation functional ¢(h) = h(y;) we have
k(n)

o120 = Z *[; (@)

For the weighted integration functional ¢(h) = [ a(y1)h(y1)dy: we have

k(n)

llonl13a = Z:: </ a(y1) 1/1](y1)dy1>2.

Therefore the variance of y/n <¢(ﬁn) - qb(ho)) is of a complicated form and may diverge to infinity



as k(n) — oo.

Applying Theorem (or more precisely Theorem [£.2](1)), we immediately obtain that the
optimally weighted SQLR statistic Q/LT%H(%) = x? under the null of ¢(hg) = ¢,. Thus we
can compute confidence regions for any functional ¢(h), such as the evaluation and the weighted

integration functionals, as

{re®: QLR,(1) <)},

where ¢,2(7) is the (1—7)-quantile of the x? distribution. See Section [ for an empirical illustration
of this result to the nonparametric quantile IV Engel curve regression using the British Family
Survey data set that was first used in Blundell et al. [2007].

Instead of using the asymptotically critical valued based on x? distribution, we could also

construct a confidence set using bootstrap methods:
{reRr: QLR,(r) < éa(n)},

where ¢,(7) is the bootstrap (1 — 7)-quantile of the asymptotic distribution of the SQLR statistic,
computed via either the nonparametric bootstrap or the weighted bootstrap as described in Section
Bl See Section [6l for a Monte Carlo study of the finite sample performance of the bootstrap based

confidence sets.

2.3 A Brief Discussion on the Convergence Rate

Before we could derive the asymptotic distribution of the SQLR statistic, we need some consistency
and convergence rate results that allow us to concentrate on some shrinking neighborhood of the
true parameter value aq of the semi-nonparametric model (L3]). For the purely nonparametric con-
ditional moment model E [p(Y, X; ho(-))|X] = 0,/Chen and Pouzd [2012] established the consistency
and the convergence rates of their various PSMD estimators of hg. Some of their results can be
trivially extended to establish the corresponding properties of our PSMD estimator &, = (gilﬁn)
defined in (2.2)). For the sake of easy reference and to introduce basic assumptions and notation, we
present some sufficient conditions for consistency and the convergence rate here. These conditions
are also needed to establish the consistency and the convergence rate of bootstrap PSMD estimators
(see Lemma[5.]). We first impose three conditions on identification, sieve spaces, penalty functions
and sample criterion function. We equip the parameter space A = O x H C R% x H with a (strong)
norm [looll, = [|0]], + [|]lg. Let Mo = (6", 11,h) € Ag(ny = © X Hyq).-

Assumption 2.1 (Identification, sieves, criterion). (i) E[p(Y,X,;a)|X] = 0 if and only if o €
(A, [|-l,) with ||o — apll, = 0; (ii) For all k > 1, Ay = © x Hy, © is a compact subset in R,

{Hi : k > 1} is a non-decreasing sequence of non-empty closed subsets of (H,||-||y) such that



H C cl (UrHg), and there is Tl,ho € Hyyy with |[Tnho — hollm = o(1); (iii) Q = (A, ||-|l,) — [0,00)
is lower semicontinuous, Q(Il,ap) = o(1). (iv) X(z) and 3o(x) are positive definite, and their

smallest and largest eigenvalues are finite positive uniformly in x € X.

Assumption 2.2 (Penalty). (i) A\, > 0, A\, = o(1); (i) |Pen(Il,hg) — Pen(hy)| = O(1) with

Pen(hg) < oo; (iii) Pen : (H, ||-|lg) — [0,00) is lower semicompact.

Let {n,,}>°; and {an’n};’ozl be sequences of positive real values that decrease to zero as n — oo.
Let AQ/([%) =0 X Hg/([g) = {a = (0',h) € Ay : AnPen(h) < A\, My} for a large but finite My such
that II,aq € A%gl) and that a,, € A]kv([%) with probability arbitrarily close to one for all large n.

Assumption 2.3 (Sample Criterion). (i) Qn(Inao) < coQ (I, x) +Op,e (0,) for some n,, = o(1)
and a finite constant co > 0; (i) Qn(e) > cQ(a) — Op,e (ann) uniformly over A%gl) for some

52 = o(1) and a finite constant ¢ > 0.

m,n

The following consistency result is a minor modification of Theorem 3.2 of |[Chen and Pouzo
[2012].

Lemma 2.1. Let &, be the PSMD estimator defined in (2.2). If Assumptions [21), and [2.3

hold, then: ||o, — aplls = 0p,e (1) and Pen(hy,) = Op,o (1).

Given the consistency result, we can restrict our attention to a shrinking || - ||s—neighborhood

around «ag. Let
Aos ={a € A fla—aolls < e, \pPen(h) < \yMo} and Apsn = Aos N Ag(n)

for a positive finite constant My and a sufficiently small positive e such that Pr(a, ¢ Agsn) < €.

For any o € A,s we define a pathwise derivative

M[a —ag] = dElp(2, (1 = )ag + 7o) |X] a.s. X
da dr =0
AN g AN

Following |Ai and Chen [2003] and |Chen and Pouza [20094], we introduce a pseudo-metric ||a; —as|

for any aq, as € Ay, as

lor — asl? = E [(W[al - a2]>/ 2(X)"! <W[al - a2]>] . (2.9)

The next assumption is about the local curvature of the population criterion Q(«).
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Assumption 2.4 (Local curvature). (i) A,s and Agysp are convex, and m(X,«) is continuously
pathwise differentiable with respect to a € A,s; There is a finite constant C' > 0 such that ||a—ap|| <
Clla—apl|s for all « € Ays; (ii) there are finite constants c1,ca > 0 such that c1||a—ap||? < Q(a) <

ca|la — apl|? holds for all o € Apgp.
Recall the definition of the sieve measure of local ill-posedness

_ [la = T xgl[s
Tn = sup —_—
a€Asnilla—Tinaol<s |la = Hnaol|
The problem of estimating o under ||| is locally ill-posed in rate if and only if lim sup,,_, ., 7n = 00.

The following general rate result is a minor modification of Theorem 4.1 and Remark 4.1(1) of

Chen and Pouzo [2012], and hence we omit its proof.

Lemma 2.2. Let @, be the PSMD estimator defined in (2.2) with max{\,,n,} = o(n™'). Let
Assumptions (21, [2.2, and hold, and Qn(a) > cQ(a) — Oprye ((ﬁm) uniformly over A,sp,
for some 5$n,n = o(1) and a finite constant ¢ > 0. If max{é?n’n, Q(IT,00), A,y t = (5?,%“ then:

||an - Oé(]|| = OPZoo (5m,n) and ||an - a0||s = Oono (||040 - Hna0||s + Tn(sm,n) .

The above convergence rate result is applicable to strictly stationary weakly dependent data
and general nonparametric estimator m(X, ) of m(X, «) as soon as one could compute 5fnm, the
rate at which Qn(a) goes to Q(a). See [Chen and Pouzd [2012] and [Chen and Pouzd [2009a] for
low level sufficient conditions in terms of i.i.d. data and the series LS estimator (2.4) of m(X, a).
In particular, Lemma C.2 of |Chen and Pouza [2012] implies that under very mild Assumptions
[AT] and (stated in the Appendix A), we have Q,(a) = Q(a) — Op,e (53,”) uniformly over
Aosn, with (5?,17n = max{%,bfn7Jn} and Qo) = O(bfn7Jn), where by, s, is the bias order of
approximating m(-, a) by the series basis p’»(-).

Lemma implies that ||, — agl| = Op,e (0n) and ||ay, — aolls = Opye (dsn), Where
{05, :n > 1} and {05, : n > 1} are real positive sequences such that 6, = O (0,,,) = o(1) and
dsn =0(1), 05 > 0p. Thus &, € Nysn, C Nos wpal, where

N _ a € Aps: HQ_QOHSSMnés,nyHa_QOH < M6y,
. AnPen(h) < AnPen(ho)(1 + 1/M,)

Nosn = NosﬂAk(n)a

with M,, = log(log(n)). In the rest of the paper, we can regard N, as the effective parameter space

and N, as its sieve space.
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3 Local Asymptotic Theory

In this section, we establish the asymptotic normality of the plug-in PSMD estimator ¢(a,,) of a
possibly irregular functional ¢ : A — R of the general model (L3]) and the limiting distribution of
a properly scaled SQLR statistic.

3.1 Riesz representation

We first provide a representation of the functional of interest ¢ : A — R, which is crucial for all
the subsequent asymptotic theories.

Given the definition of the norm || - || (in equation (29))) and the local parameter spaces A,s or
Nos, we can construct a Hilbert space (V, || - ||) with V = clsp(Aps) — {ao}, where clsp{-} is the
closure of the linear span under || - ||. For any v1,v2 € V, we define an inner product induced by

the metric || - ||

(o, 03) = E {(Mw)'mrl (25

do do
and for any v € V we call v = 0 if and only if |[v|| = 0 (i.e., functions in V are defined in an
equivalent class sense according to the metric || - ||).

dolao) 1)

For any v € V, we define to be the pathwise (directional) derivative of the functional

¢ (-) at ap and in the direction of v=a—ay€V:

d —
$(a0) [v] = 9¢(co + ) for any v € V.
da or =0
If %[-] is bounded on the infinite dimensional Hilbert space (V, || - ||), i.e.
‘d¢(ao) [v]‘
[0l = sup < oo,
VEV ,w#£0 ”U”

then there is a Riesz representor v* € V of the linear functional ¢(z°) [] on V such that

[v] = (v*,v) for all v € V;

In this case we say that ¢ (-) is regular (at o = agp). If %[-] is unbounded on the infinite
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dimensional Hilbert space (V, || - ||), i.e.

dé(ao) [ ]‘
do
sup = 00,
VEV,v#£0 ||UH
then there does not exist a Riesz representor of the linear functional %[-] on V; In this case we
say that ¢ (+) is irregular (at a = ayp).
It is known that ¢ (-) being regular (i.e., d%go)[-] being bounded on V) is a necessary con-

dition for the root-n rate of convergence of ¢(ay) — ¢(ap). Unfortunately for complicated semi-

nonparametric models (L.3)), it is difficult to compute sup, 57, {‘d¢[§3°) [U]‘ / HU”} explicitly; and

hence difficult to verify whether a functional ¢ (-) is regular or not.

3.1.1 Sieve Riesz representor

Define

Qg = argagl\i/n [la — aol|. (3.1)

Let Vk(n) = clsp (Nosn) — {@on}, where clsp (Nosp) denotes the closed linear span of N, under
[Il. Then Vi, is a finite dimensional Hilbert space under [|-||. Moreover, V) is dense in V
under ||-[|. To simplify the presentation, we assume that dim(Vy,)) = dim(Agq,) < k(n), all of
which grow to infinity with n. By definition we have (ag, — ap,v,) = 0 for all v, € Vk(n). For

any vp = 0 — 0 € Vk(n), we let

do(ap)

do lon] = do [ = o] = do [@0,n = ]-

So %[-] is also a linear functional on V).
Note that Vk(n) is a finite dimensional Hilbert space. As any linear functional on a finite
dimensional Hilbert space is bounded, we can invoke the Riesz representation theorem to deduce

that there is a unique v}, € Vk(n) such that

d _

‘wa [v] = (v, 0) for all v € Vi, (3.2)
«
and )
dé(ao)
d |42y

00 = P = sup s 6.3)

dov veVmyllolzo V]l
We call v} the sieve Riesz representor of the functional %[-] on Vk(n). By definition we have
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for any non-zero functional %[-],

0< 3ll? = B [(M[vm)lmrl ()] <.

do do "

We emphasize that the sieve Riesz representation (3.2]) and (3.3]) of the linear functional % [
on Vk(n) always exists regardless of whether % [-] is bounded on the infinite dimensional Hilbert
space (V,||-|]) or not. If ||[v}|| = O (1) (in fact ||v}]| / ||v*]| < oo and ||v* — v}|| — 0 as k(n) — o),
then %[-] is bounded on (V,]|-]|) and ¢ (-) is regular (at o = ag). If ||v}]| / o0 as k(n) — oo,
then %[-] is unbounded on (V, || - ||) and ¢ (-) is irregular (at o = ag).

Moreover, we can always compute the sieve Riesz representor v;, € Vi ,) for any functional
defined in ([3.2)) and ([B.3) explicitly. Let A,y = © x Hyp,) where Hyy, given in (23] is a finite
dimensional linear sieve. Let |-|| be the norm defined in 23) and V) = R% x {v}, (-) = AIOUCE
B € REMY be dense in the infinite dimensional Hilbert space (V,||-||). By definition, the sieve

Riesz representor vy, = (v, vy , (1)) = (v;fn,qk(")(-)’ﬁ;)’ € Vi of d%go)[-] solves the following

optimization problem:

‘&ﬁ(ao)vg + 8¢E§zo) [n ()]

2
5 |

= sup -
v=(v),vn) EViy(ny v#£0 F [(WM) S(X)1 (dm(ii,ao)m)]

B sup ’Y/Fk(n)F];(n)’Y
’y:(v/e,ﬁ,),ERd9+k(n),'Y5£0 ’Y,Rk(n)fy

where

isa (dg+ k(n)) x1 vector and

Y Ry = E [(W@])lz(xrl (W[v])} for all 0 = (v, "()8) € Vi),

(3.6)
with Ry, being (dg + k(n)) x (dg + k(n)) a positive definite matrix, where

—ldm(X,a0) 2
Iy In712 E|:HZ(X) 2 do’ : e:| [n,l2

Lot Inoo - E [HE(X)—é dm(X.a0) () ]

Ry =

]

*When % [[] applies to a vector (matrix), it stands for element-wise (column-wise) operations. We follow the

same convention for other operators such as W [[] throughout the paper.
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and Iz = E |:(dm(d);'l,ao))/E(X)_1 (W[qk(n)(.)/])}

The sieve Riesz representation (B.2]) becomes: for all v = (Ué, qk(")(')’ ﬂ)/ € Vk(n),

do(ao)
do

[0] = Flyy = (U5, 0) = Vi Ry for all v = (vp, 8) € R+, (3.7)
It is obvious that the optimal solution of v in (84 or in (B.7)) has a closed-form expression:
* * Y -1

The sieve Riesz representor is then given by

*

Up = (U;:rwv;;,n ()), = (U;,ln7qk(n)()/ﬂ:), S Vk(n)

Consequently,
o1 = 5 Ry Vi = Fy By Py (3.9)

and hence ¢() is regular (or irregular) at o = «q if and only if limy,) F,g(n)R,;(ln)Fk(n) < oo (or

= 00).

Remark 3.1. Recall that

[11 Il2 Ill _I—II I22
R];(ln) — n n _ ) n 11 tn,124p with
TEA o —I a1 Ly I;?

_ -1 _ -1
e <[11 - In,12fnégfn,21> 12 = (In22 — [n,2111111n,12) .

For the Euclidean parameter functional ¢(a) = N0, we have Fy,y = ()‘/70;9(71))/ with O;C(n) =
[0, .-, 0] 1 () » and hence vy, = (v;fn,qk(”)(-)’ﬂ;)’ € Vin) with Vg = IMN B =12\ = — ;%2[717217];,71}
and

10317 = Fy Ry Fmy = NIEA < Amac(I11) x XA,

Thus the functional ¢(a) = N0 is reqular if limy, () Amax (I}) < oo. In this case,

l- * 2 —

(li)m NIMA = NZ70 = ||of)?,

where

T, =inf E Hz(x)—é (dm(X, ap)  dm(X,ag) [W]>

do’ dh

2
] : (3.10)
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and v* = (v}, v} (1)) € V where v; = I\, vi = —w* x v}, and w* sovles (310). That is,
v* = (vy', v} () becomes the Riesz representor for ¢(a) = X'0 previously computed in|Ai and Chen
[2003] and|Chen_and Pouzd [2009a]. Moreover, if (X ) = ¥o(X) and data is i.i.d., then I, becomes
semiparametric efficiency bound for 6y satisfying the model (I.3).

3.1.2 Local characterization of ¢(«)

As it will become clear later (see Theorem B.1]), the convergence rate of ¢(a,) — ¢(ap) depends on

the order of ||v}||, and the asymptotic variance of /n (¢(ay,) — ¢(ap)) is given by

v, = Var (mlﬂz () 2<Xi>-1p<zi,ao>) , (311)

1=1

which could go to infinity if ||v}] /" oo as k(n) — oo. Denote

g = <dm(Xi, ap)
' do

!/
Wi]) 2(X:) ™ p(Zi, a0) (3.12)
as the sieve score associated with the i-th observation. Let ¥¢(X) = Var(p(Y, X; a0)|X). Then

Var (S;,) =E KM[U*]),E(X)_lzo(X)E(X)_l (M[v*]>] . (3.13)

n,l do n do n

Let pi(i) = F <S;§715;i7i+1> /Var (S; ) for all i > 1. Then

”U:”§d = Var ( ;,1) x

1+2t§:—;1 <1— %) p;;(z')] .

n .
The triangular array sieve score process {S; Z} . is said to be weakly dependent if Z?;ll (1 — %) pr(i) =
) =

O(1). If {S;Z’i}rll_l is a martingale difference array (which will be the case if the data {Z;};" , isi.i.d.),
then p¥ (i) = 0 for all i > 1 and [vz|%, = Var (S ). In general we have vk ]2, = O {Var (S;,)}

n,l

for strictly stationary weakly dependent data.
Let

,U*

o (3.14)
[0 Ml sa

*
un

be the “scaled sieve Riesz representor”. Let 7, = {t € R: |[t| < 4M?26,}, where M,, and J,, are the

ones used in the definition of A,gy,.

Assumption 3.1 (Local behavior of ¢). (i) v +— %[U] is a bounded linear functional mapping



Jrom Vi, to R; liminf, o ||v|| > 0 and 0 < ¢ < lvalled < 0 < o0;

(o]

dg(ao)

8 o+ tus) — dlao) — O

(i1) sup [ + tu) — ap]

(avt)eNosn xTn

= o (n 2 ;)

(iii) | 242 o,

w = aol| =0 (0772 o).

Assumption B.II(i) requires that ||v}||,, is proportional to ||vy||, which is satisfied under mild

conditions. To see this, we note that [Jv*|* = Var (S; ;) under Assumption ZI{(iv). We also

2
s

dependent data. Thus Assumption B.IIi) is satisfied.

have ||v}]l5; =< Var( ;;1) for typical semi-nonparametric models with strictly stationary weakly
Assumption B.II(ii) controls the linear approximation error of a possibly nonlinear functional
¢ (+), which is automatically satisfied when ¢ (-) is a linear functional.
Assumption BII(iii) controls the bias part due to the finite dimensional sieve approximation of

o, to ap. It is a condition imposed on the growth rate of the sieve dimension dim(Ay(,)) < k(n),

and requires that the sieve approximation error rate is of a smaller order than n=2||v%|. Given
Assumption B.I)(i), Assumption B.I(iii) requires that the sieve bias term, ‘%[ao,n — )|, is of a
smaller order than that of the sieve standard deviation term, n =12 ||[v}| .-

Remark 3.2. When ¢ () is a regular functional, we have ||[v}| 7 ||[v*]| < oo, and since (oo — o, v}) =
0 (by definition of a ), we have %[aom - ao]‘ < ||v* = v} % ||ao., — aol|, and hence Assump-
tion [31(111) is satisfied if ||v* — v} || X ||ag.n — ]| = o(n=Y?), which is similar to assumption 4.2 in
Ai and Chen [2003] and |Ai and Chen [2007] and assumption 3.2(iii) in |Chen _and Pouza [2009a]

for regular functionals of the model (1.3).

3.2 Local quadratic approximation (LQA)

The next assumption is about the local quadratic approximation (LQA) to the sample criterion
difference along the scaled sieve Riesz representor direction w} = v}/ ||v} || .4-

For some t, € Ty, we let A, (a(ty),e) = [@n(a(tn)) - @n(a)} /2 with «a(t,) = a + tyul, and
rn(tn) = (max{t%,tnn_l/z,o(n_l)})_l. Denote

*
Sn,z'

1o llsa

(3.15)
=1

Y e e ) RE RS

Assumption 3.2 (LQA). (i) For all (a,t) € Nosn X T, a(t) € Aggny, and for all 6 > 0, there
exists a N(9), such that Vn > N(0):

sup T (tn) Kn(a(tn),a) —tn{Zp + (uy, a0 — ag) } — %ti = 0py (1),

(avtn)eNosn xTn
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where By, is a Z"™ measurable positive random variable with By, = Op,.. (1); (i) /nZ, = N(0,1).

Assumption B.2(ii) is a standard one. For i.i.d. data, it is implied by the following Lindeberg

. 2
(i) 1

1071l sa
which, under Remark B2 is automatically satisfied when the functional ¢(-) is regular (i.e.,

|lvfll — [lv*|]| < oo). This is why Assumption B.2[(ii) is not imposed in |Ai and Chen [2003] and

condition: For all € > 0,

*

n,i
6\/5”’0;5”5[1

limsup £

n—oo

> 1}] =0, (3.16)

Chen and Pouzo [2009a] for a particular regular functional ¢(a) = N'6.

For i.i.d. data and the regular functional ¢ (o) = X6, Assumption B.2(i) has been established
in |Ai and Chenl [2003] and (Chen and Pouzd [2009a] under low level sufficient conditions. Their
conditions can be slightly modified to allow for irregular functionals as well; see Assumption A in

Appendix A. The following lemma formally states the result.

Lemma 3.1. Let {Z;}!' | be i.i.d., m be the series LS estimator (2.7) and conditions for Lemma
hold. If Assumption A holds, then Assumption[3T2(i) holds.

3.3 Asymptotic normality of the plug-in PSMD estimator

We now establish the asymptotic normality of the plug-in PSMD estimator ¢(ay,) of a possibly
irregular functional ¢(«g) of the general model (L3)).

Theorem 3.1. Let a, be the PSMD estimator (2.2) and conditions for Lemma [Z2 hold. Let
Assumptions [F1(i1) and [32(i) hold. Then: (1) /n(uf,a, — o) = —/nZy + 0p,a (1).
(2) If, in addition, Assumptions[3.1(i1)(iii) and [T (i) hold, then:

a2l ) _ o (1) = N(0,1).

07 lsa

When the functional ¢() is regular at o = g (i.e., ||vj;|| = O(1)), we have ||[v};||,; < [|vi]| = O(1)
typically; so ¢(ay,) converges to ¢(ag) at the parametric rate of 1/y/n. When the functional ¢()
is irregular at o = ag (i.e., ||vy|| — 00), we have ||v};||,; — oo (under Assumption B.1i)); so the
convergence rate of ¢(a,) becomes slower than 1//n. Regardless of whether the sieve variance
||v;;||§d (defined in (B3.11])) stays bounded asymptotically (i.e., as n — o0) or not, it always captures
whatever true temporal dependence exists in finite samples.

For any regular functional of the semi-nonparametric model (I3]), Theorem Bl implies that
Vi (@(@n) = ¢(ao)) = =02 Y S5+ op,e (1) = N(0,07.),
i=1
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with
n
2 ; 2 : —1/2
o = lim |lvj[|5 = lim Var (n / E;&) € (0, ).
1=
If the sieve score process {S;, ;}/_; (defined in (3.12))) is a martingale difference array (which is the
case with i.i.d. data), then Hv;klﬂid =Var (Sf”> and

v n—0c0 1 da da

o2 = lim Var (Si,) =E KM[U*])/E(X)_IEO(X)E(X)_l (M[v*]>] :

Thus, our Theorem [B.1] is a natural extension of the asymptotic normality results of |Ai and Chen
[2003] and |Chen and Pouza |20094] for the specific regular functional ¢(ag) = N6y of the model
([C3) with i.i.d. data. See Remark Bl for further discussion.

Theorem B.1] is similar to that of [Chen et al. [2012] on the asymptotic normality of their plug-
in sieve M estimators for possibly irregular functionals of time series models, except that our
model (L3) allows for nonparametric endogeneity. In the special case of generalized nonlinear

dm(X, ) [’U] _ dp(j,ao) [’U]

least squares model, e for all direction v, our Theorem B1] recovers their

asymptotic normality result on the plug-in sieve generalized nonlinear least squares estimator:

~ /
VGO0 N (0,1) with [[vj |2, = Var (n-W S (5 ) B(X) (2 ao>).

vl sa 1= n

3.4 Asymptotic distribution of the SQLR

We now characterize the asymptotic behavior of the possibly non-optimally weighted SQLR statistic

@n(qﬁo) defined in (2.35]).
Let @ be the restricted PSMD estimator of ag = (6}, ho), defined as

A (~R TR . A
n(@,) + A Pen(h,)) < inf n(a) + A\ Pen(h) ¢ +Op,.. (n,,). 3.17
Qn(@f) B s, it {0 (h)} + O, (1) (3.17)

Then:

QLR (¢) = n (Qu(@f) — Qun(@n)) =n< inf  Qul@)—~ inf @n<a>> + 0Py (1):

aEAk(n) :p(a)=dq aGAk(n)

Theorem 3.2. Let &, be the PSMD estimator (23), &% be the restricted PSMD estimator (317
and conditions for Lemma [2Z3 hold. Let Assumptions 31 and 32 with |B, — ||u},|[*| = op,e (1)
hold. Then, under the null hypothesis of ¢(ap) = ¢y, we have:

luil? x QLR (¢9) = (VZn)? + 0pym (1) = X3.
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Compared to Theorem [B.I(2) on the asymptotic normality of ¢(a,,), Theorem on the lim-
iting distribution of SQLR statistic requires an extra condition |Bn — ||u;';||2‘ = 0p (1), which
is also needed even for QLR statistic in parametric extremum estimation and testing problems.

Assumption [B{i) below provides a simple sufficient condition for | By, — [|u}||?| = 0p,« (1).

Remark 3.3. If ¢(:) is continuous in Ay, then {a € Aymy: d(a) = ¢y} is a closed set of Ay -
Following the same proof of LemmalZ.2 (see, e.g.,|Chen _and Pouzd [2012]|Chen _and Pouza [20094])
with the sieve Ay, replaced by {a € Agpy: ¢(a) = ¢y}, we obtain af € Nosn wpal. under the
null hypothesis of () = ¢g.

4 Inference Based on Asymptotic Critical Values

In this section we provide two simple inference procedures for possibly irregular functionals of the
general model (I3]). The first one is based on the asymptotic normality Theorem Bl with a sieve
variance estimator. The second one is based on Theorem with the optimally weighted SQLR

statistic.

4.1 Sieve estimation of variance of ¢(a,,)

In order to apply the asymptotic normality Theorem [B], we need an estimator of the sieve variance

2

[0 ||?, defined in (BIT)). In this section we propose a simple consistent estimator of ||vz||2

i.i.d. data.

4 assuining

The theoretical sieve Riesz representor vy, is not known and has to be estimated. Let |||

denote the empirical norm induced by the following empirical inner product
n

o) = 3 (D)) o (D)), (a.1)

n
1=1

for any v1, vy € Vi, where W (X) is a positive definite weighting matrix for almost all X. Likewise

we intrudoce a theoretical inner product associated with the weighting matrix W as

(o1, 02w = E [(W[m]),W(X) <W[w]ﬂ .

To simplify notation we also have:

(v1,v2)5-1 = (v1,v9) and <U1,U2>Zal = (v1,v2)0  for all v1,v2 € V.

We define an empirical sieve Riesz representor v} of the functional %[-] with respect to the
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empirical norm || - || ¢, as
’

-~ do(@n) 1,112
W)= up L WE o (42)
da e ® o Tl
and
do(ay, . _
¢(§a )[v] = <U,’Un>n7§,1 for any v € V(). (4.3)

Recall that [[vX|2, = Var(S* 1) when {Z;}, is i.i.d., we can define a simple sieve variance

estimator as

|| ||nsd_|| ||n2 1202 1

where 3 is a consistent estimator of 2o, e.g. En[p(Z,an)p(Z, )" | -], where E,, is some consistent
estimator of the conditional mean, such as series, Kernel or local polynomial based estimator. In

the following we denote Vk = {v € Vi [Jv]| =1}

(00 (o] — 2 y)| = o, (1); (i) for any @ € Nogn,

Assumption 4.1. (i) sup,cp,., Sup

~71
ver(n)

v %[v] € L*(fx) is a bounded linear functional measurable with respect to Z"; and

sup  |(v1,v2)p w1 — (vi,v2)n-1| = 0p,.(1);
U17U2€v11€(n)
sup  [(v,0) 515,51 — (U, V)s-15m-1] = 0Py (1);
vev,lg(n)

(iii) For T(-) € {2(-),20(-)}, supy |[[(z) — T(x)|| = 0P (1); T(x) is positive definite and its
smallest and largest eigenvalues are finite positive uniformly in x € X wpal.

Assumption [IJi) becomes vacuous if ¢ is linear. Assumption I[(ii) implicitly assumes that
the residual function p() is “smooth” in « € N, (see, e.g.,|Ai and Chen [2003]) or that M[v]

can be well approximated by numerical derivatives (see, e.g., Hong et all [2010]).

Theorem 4.1. (1) Let {Z;}}' | be i.i.d. and conditions for Lemma [Z2 hold. If Assumption [{.1]
holds, then:

15 s ‘
——— — 1| =0p,(1).
sl 22 (1)

(2) 1If, in addition, all the assumptions of Theorem [31(2) hold, then:

\/ﬁcb(an) — ¢(ao)

T = —/nZy + op,.. (1) = N(0,1).
n,s

Theorem [4.] is stated for the semi-nonparametric conditional moment model (L3]) with i.i.d.

data. Recently, |[Chen et al! [2012] proposed sieve robust long run variance estimation for a plug-in
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sieve M estimator of semi-nonparametric time series models. Their result can be extended to our
model (23] with strictly stationary weakly dependent data.

Theorem ] (or its time series extension) allows us to construct confidence sets for ¢(ay) based
on possibly non-optimally weighted plug-in PSMD estimator ¢(a,,). A potential drawback, is that
it requires a consistent estimator for v — W[v], which may be hard to compute in practice
when the residual function p(Z, «) is not pointwise smooth in o € N,g;, such as in the NPQIV (2.8])

example.

4.2 Optimally Weighted SQLR

For the specific regular functional ¢(a)) = 6 of the semi-nonparametric conditional moment model
(L3)), IChen and Pouzo [2009a] established that the optimally weighted SQLR statistic is asymp-
totically chi-square distributed. Here we show that the same result remains valid even for irregular
functionals.

In this subsection, to stress the fact that we focus on the optimally weighted PSMD procedure,
we use v and |[v9]|o to denote the corresponding v and ||v}|| computed using the optimal weighting

matrix ¥ = Xg. For instance,
dm(X, ag) ! 1 (dm(X, ap)
0112 __ ) 0 1 ) 0
1081 = | (“ 500 ) oy ()

/
We call the corresponding sieve score, S?L’i = <W[vg]) Yo(X:) " 'p(Z;, ap), the optimal sieve
n
score. Note that |[v2||sq = |[v0||o if the optimal sieve score process {S,OH} is a martingale

=1
difference array. If |[v0||sa = [[v0]]o we call the SQLR statistic the optimally weighted SQLR
statistic. Applying Theorem B.2] we immediately obtain that the optimally weighted SQLR is
asymptotically chi-square distributed. This result allows us to compute confidence sets for ¢(a)

without the need of a consistent variance estimator for ¢(d,,).

By Theorem BII2), [|v9]|2;, = |[v2|]3 is the asymptotic variance of the optimally weighted
PSMD estimator ¢(dy,). We could compute a consistent estimator of the variance |[v3|%, = ||v9][2
by looking at the “slope” of the optimally weighted SQLR. More precisely, let

Qn(@n) ~Gu(@n) )
— ap) — Qn(@
MH%E( — ) (4.4)
n

where @, is the approximate minimizer of Q,(c) over {o € Apny: #(a) = ¢(Gn) — n}

We now formally state these results.

Theorem 4.2. Let o, be the optimally weighted PSMD estimator (2.2) with ¥ = Xo. Let all
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the conditions of Theorem hold with |[v8]|sqa = |[v2|lo. Then: (1) under the null hypothesis of
d(ap) = ¢y, we have:

=1+ 0Py (1)

When @, is the optimally weighted PSMD estimator of ag, Theorem [£.2(2) suggests H/UQT%
defined in (Z4) as an alternative consistent variance estimator for ¢(a,,). This result extends that
of IMurphy and der Vaartl [2000] on profile likelihood ratio for a regular functional ¢(a) = 6 of a
semiparametric likelihood model to any possibly irregular functional ¢(«) of the semi-nonparametric
conditional moment model (I.3]). As inMurphy and der Vaart [2000] &,, cannot decrease faster than
1/y/n; in our case &, cannot be slower than d,, since we work on a shrinking neighborhood, Ns,.
Also, in our case we ought to re-scale the rate by |[v0]|o since it could be divergent. As discussed
in Remark 3.3, we can also obtain &, € N, wpal easily.

Although Theorem H2J2) suggests a consistent variance estimator (£4) for the plug-in opti-
mally weighted PSMD estimator ¢(a;,) allowing for non-smooth residual function p(Z, ), Theorem
[4.2(1) recommends to construct confidence sets for ¢(a) by inverting the optimally weighted SQLR

statistic:

Q€A () p(a)=r

{7‘ e R: @n(T) =n ( inf @n(a) - @n(an)> < fo(T)} )

where ¢, 2 (7) is the (1 — 7)-quantile of the x? distribution. Our small simulation study for NPQIV
([28) example indicates that Theorem F2{(1) is more useful.

5 Inference Based on Bootstrap

The inference procedures described in Section [ are based on the asymptotic critical values. For
many parametric models it is known that bootstrap based procedures could approximate finite
sample distributions more accurately. In this section we establish the consistency of both the
nonparametric and the weighted bootstrap SQLR statistics under virtually the same conditions
as those imposed in Theorem for the original-sample (possibly non-optimally weighted) SQLR
statistic.

To avoid complicated notation and extra lengthy proofs, we assume that the original sample
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Z" = {Z;};— is ii.d. in this section. A bootstrap procedure is described by an array of positive
“weights” {w;n};_, for each n (we omit the n subscript hereafter), where each bootstrap sample
is drawn independently of the original data {Z;};" . Different bootstrap procedures correspond to
different choices of the weights {wi,n}?zl. For the time being we assume that lim, . Var(w;,) =
o2 € (0,00) for all 4.

To be more precise, we introduce some definitions for the new random variables and the enlarged
probability spaces. Let @ = {w;,: 4 =1,...,n; n = 1,..} be the space of weights, defined as a
triangle array with elements in R4, the corresponding o-algebra and probability are (Bg, Po). Let
Vo = Z° x (1, B* = B} x Bg be the o-algebra, and let Py~ be the joint probability over V°°.
Finally, for each n, let B™ be the o-algebra generated by V" = Z" X (Wi, ...,wn n)-

Let Lyoo|z00(:|Z% = 2°°) be the law for random variables which are measurable with respect to
the B>, given that Z°° = 2°°. For two real valued random variables, A,, (measurable with respect

to B™) and B (measurable with respect to some o-algebra Bp), we say,
| Ly zoo(An|Z™) — L(B)| = 0p,e (1)
if for any § > 0, there exists a N(J) such that

sup |E[f(An)|Z"] = E[f(B)]| = 0p, (1),
feBLy
where BL;i denotes the class of uniformly bounded Lipschitz functions f : R — R such that
[|fllzee < 1 and |f(2) — f(2')| < |z — 2/|; see Van der Vaart and Wellner [1996] (henceforth, VdAV-
W) ch. 1.12 for more details.
We say A, is of order OPy oo 700 (1) in Pz~ probability, and denote it as A,, = OPy oo 700 (1) wpal(Pze),
if for any € > 0,
Pzoe (Pyooizoo (|Ap] > €| Z") > €) — 0, as n — oo.

We say A, is of order Opvoo‘zoo (1) in Pz~ probability, and denote it as A,, = OPVOO‘ZOO (1) wpal(Pz),
if for any € > 0 there exists a M € (0,00), such that

Pzoe (Pyooizoo (|Ap] > M | Z") > €) — 0, as n — oo.

In this section we first establish the consistency of various bootstrap statistics under a high level
LQA condition for general bootstrap procedures. We then provide low level sufficient conditions for
two widely used bootstrap procedures: the weighted (or Bayesian) bootstrap and the nonparametric

bootstrap and, which are described below:

Assumption Boot.1 (Weighted Bootstrap). Let (w;)i, be a sequence such that w; € Ry, w; ~
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#dP,, Elw] =1, Var(w) =02, and [;° /P(Jw — 1] > t)dt < co.

Assumption Boot.2 (Nonparametric Bootstrap). Let (win)i—; be a triangular array of random

variables such that (Wi, ..., wnn) ~ Multinomial(n;n="', ..., n71).

Henceforth we omit the n subscript from the weight series. We note that under Assumption
Boot.2l Ejwi] =1, Var(wi) = (1 —1/n) — 1 = 02 and Cov(w;,w;) = —n~"' (for i # j). Finally,
n~ I maxi<i<n(w; — 1)2 = op,(1) (see Van der Vaart and Wellner [1996] p. 458 ). We use these

facts in the proofs.

5.1 Consistency and Convergence rate of the Bootstrap PSMD estimators

Let V" = Z™ X (w1n; .., Wnn), Where {wm}?:l is a sample of positive random variables that are

independent of the original-sample Z™, and each w;,, acts as a “weight” of Z;. Let

PP (Vi,a) = winp(Zi, a),

be the bootstrap residual function. Let m?(x, a) be a bootstrap version of m(z, ), that is, m?(z, a)

is computed in the same way as that of m(z,a) except that we use p®(V;, a) instead of p(Z;, a).
Then QB(a) = 1 ! mB(X;, a)S(X;)'mPB(X;, a) is a bootstrap version of Qy,(c).

n

We denote the bootstrap PSMD estimator as &f , le., aP is the approximate minimizer of

@f(a) + AnPen(h) on Ay

In this subsection we establish the consistency and the convergence rate of the bootstrap PSMD

B

. under virtually the same conditions as those imposed for the consistency and the

estimator a
convergence rate of the original-sample PSMD estimator a,.

The next assumption is needed to control the difference of the bootstrap criterion function
QB (a) and the original-sample criterion function Q,,(); it is analogous to Assumption 23] for the

=k

original sample. Let (d,, ,)m and (0mn)m be sequences of real valued positive numbers such that

g*

m,

n =o0(1), 5:17n > Omn, and let ¢ and c¢* be positive constants.

Assumption 5.1 (Bootstrap sample criterion). (i) QB (Il ap) < cS@n(Hnao) + OPyoc 700 (11n)

*

wpal(Pye); (i) QB(a) > ¢*Qn(a) — OPyoo| 700 ((6,0.0)?) uniformly over A]kv([%) wpal (Pzes ).
Lemma 5.1. Let Assumptions [21] - and [5.1) hold. Then: (1)

a2 — agl|s = OPyoo 700 (1) wpal(Pz=) and Pen (ﬁf) = OPyoo 00 (1) wpal(Pze).

(2) In addition, let Assumption hold and @f(a) > c*@n(a) — OPyoo| g00 (62

m.n) uniformly over
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Aosn wpal(Pge ). If max{éfnm, Q(I,0), Ay} = (5?,17n then:

Haf —agl| = OPpociyoo (Ommn) wpal(Pgzes);
|
Haf —alls = Oono‘Zoo (|00 — aolls + Tr X Omyn) wpal(Pgeo).

Lemma [5.I(2) shows that af € N,sn wpal. Again, when m? is the bootstrap series LS
estimator (5.10) of m(z, &), Assumption A in the Appendix A provides low level sufficient conditions

for Assumption B.1 and QB (c) > ¢*Qy(a) — OPy oo 700 (62

m,n

) uniformly over A, wpal(Pz~).

5.2 Bootstrap local quadratic approximation (LQAP?)

Let Kf(a(tn),oz) = 0.5{@5((1(%)) - @f(a)}. The next assumption is analogous to Assumption
For any sequence of non-negative weights (b;);, let

n . / n S* .
7 =03 (M[um) S(X) " p(Ziy o) = Y byt

Assumption 5.2 (LQA®). (i) For all (a,t) € Nosn X Tpy, a(t) € Ak and for all § > 0, there
exists a N(9), such that Vn > N(6):

w

Kf(a(tn)7a) —1tn {Zz + <u* o — Oé(]>} _ &t%

sup Tn(tn) o 5

o = oPVoo‘Zoo(l) wpal(Pz)
a,tn)ENosn X 7Tn

where By is a V" measurable positive random variable such that By = Opy 400 (1) wpal(Pze);
(i1) For all 6 > 0, there exists a N(0), such that ¥n > N(§):

w—1
Zn

Ow

Lz (VAT 2") = £@)] = 01 (1)

where 7 s a standard normal random variable.

Assumption [5.2[(ii) can be easily verified by applying some central limit theorems. For example,
if the weights are independent (Assumption[Boot.l), we can use Lindeberg-Feller CLT; if the weights
are multinomial (Assumption [Boot.2)) we can apply Hayek CLT (see [Van der Vaart and Wellner
[1996] p. 458 ).

The bootstrap version of the LQA (Assumption 5.2(i)) implicitly imposes restrictions over m?.

Below we provide low level sufficient conditions for Assumption 5.2(i) when m?(z, ) is a bootstrap
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series LS estimator of m(z, «), defined as:

P (z,0) = p(x)(P'P)" Y p"(X;)p" (Vi ) (5.1)
j=1

n

= p‘]” (x)/(P/P)_ Z pJ” (Xj)wj,np(Zjv @)
=1

In the following we let g(X, uf) = {9m5e0) ()13 x) 1,

Assumption B. (i) For I'(:) € {X(),X0(")},

= 0p,e (1);

n~t ZQ(Xi, uwi)T(Xi)g(Xi, up)' — E [9(Xi, up)D(X3)g(Xi,u3)']
=1

(i) there is a positive real sequence (by), such that by, < n® for some ¢ € [0,1/2) and

SHEC

The next lemma provides sufficient conditions for Assumption[5.21to hold for different bootstrap

(9(X,up)p(Z, ap))?
by,

imsup B (90X, u)p(Z,0))* 1

n—oo

procedures.

Lemma 5.2. Let mP(x,a) be the bootstrap series LS estimator (51), and conditions of Lemmas
[31 and B4 hold with 2= M2 = O((My,0s,))*Cy). Let either Assumption [Boot.dl or Assumption
[Boot. 2 hold. Then:

(1) Assumption [5.2(i) holds with BY = B,,.

(2) If Assumption[By(i) holds, then | B2 — ||uh||?| = OPy oo 700 (1) wpal(Pze) and | By — [|up|?] =
0P, (1).

(3) If Assumption [B(ii) holds, then Assumptions[5.2(ii) and[3.2(ii) hold.

5.3 Bootstrap sieve Wald statistic

If we combine the result in section EL.I] with the tools used to show Theorem we obtain an
asymptotically linear representation for a properly scaled version of ¢(a§ ) — ¢(ai,), which can also

be used for inference.

Theorem 5.1. Let G, be the PSMD estimator (Z3) and a2 the bootstrap PSMD estimator. Let
conditions for Lemmas[2.3 and [51 hold. If Assumptions 31, [3.2(i), [7-1] and [52(i) hold, then:

~B ~ w—1
a, ) — ¢(an Zy
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(2) If further Assumptions[3.2(ii) and[5.2(ii) hold, then

al) - ¢@ an) — Bla
Lot <¢(an) ¢(Gn) |Zn> . <¢< n) = o>>' = om (1)

O-WH@\:LHH,Sd ||6Z||n,sd

This theorem provides one method for constructing confidence regions for the functional. In
Appendix [A]l we establish the consistency of a semiparametric score bootstrap, which does not
require to recompute PSMD estimators using the bootstrap sample and hence is computationally

simple.

5.4 Bootstrap SQLR statistic

If ¥ # Xy, the SQLR statistic is no longer asymptotically chi-square; Theorem B.2] however,
implies that the SQLR statistic converges weakly to a tight limit. In this subsection we show that
the asymptotic distribution of the SQLR can be consistently approximated by those of both the
nonparametric and the weighted bootstrap SQLR statistics.

Recall that

QLR = ( w0 - 0kat))
{Ak(n) + o()=¢,}

with an = ¢(ay,). Denote a,’va as the constrained bootstrap PSMD estimator, i.e., the approximate
minimizer of QB (a) + A, Pen(h) on {a € Akn): ¢(a) = #,}. By Lemma F1(2) and Remark 33
we can show that &P € N, wpal under the null hypothesis of ¢(ag) = @q.

Then: QLR, (3,) = n (QB @) - QL@E)).
Theorem 5.2. Let G, be the PSMD estimator (Z2) and &2 be the bootstrap PSMD estimator-
Let conditions for Lemmas [Z.2 and [51 hold. Let Assumptions [31, [3.2(i) and [5.2(i) hold with
|BL — [|un||?| = OPyoc| o0 (1) wpal(Pze). Then: under the null hypothesis of ¢(cn) = ¢y,

1) QLR @) (v zy!

2
) 0Py g (1) wpal (P ):
o3 ow||un||> vz

(2) If further Assumptions[3.2(ii) and[5.2(ii) hold, then
QLE, (,)

202 2 | = Lz (QLR,(00) ) | = oryee (1),

w

Theorem extends the results in Theorems and [£2(1) to the bootstrap SQLR statistic.
It allows us to construct valid confidence sets for ¢(«) based on inverting possibly non-optimally

weighted SQLR statistic.
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One could apply any theorems in this bootstrap section to construct confidence sets (CS) for
od(ap). See, e.g., |Andrews and Buchinsky [2000] and Horowitz (1997) for a thorough discussion

about how to construct CS via bootstrap.

6 A Simulation Study and An Empirical Illustration

In this section, we provide a simulation study and an empirical illustration of the SQLR based
confidence sets for the NPQIV regression (Z2.8)).

6.1 A Simulation Study

We run a Monte Carlo (MC) study to assess the finite sample performance of the SQLR inference
procedure in a NPQIV model (2.8).

The MC design is based on that of [Newey and Powell [2003] and [Santod [2011]. We generate
450 i.i.d. samples of n = 750 observations from the model (Z8]), generated by

Yy 1 08 05
X* | ~N|0 o8 1 o]/,
U* 05 0 1

where X = 2(®(X*/3)—0.5), Y1 = 2(®(Y;*/3) —0.5) and U = 2(®(U*) —~), and Ya = 2sin(nwY7) +
0.76U. Hence av = h and hg(-) = sin(m-). Our functional of interest is ¢(a) = h(0).

We consider Hermite polynomials for p/» with J, = 5 and polynomials series for Hp(n) with
k(n) = 4. We also considered other combinations and basis such as P-splines and results remained
essentially the same. For penalty we considered || - ||z2 + ||V - ||r2 with X, = 0.0002.

Table reports the simulated size of the SQLR test of Hp: ¢(0) = 0 as a function of the
nominal size (NS), for different specifications of the tuning parameters and . Column (I) is for the
baseline specification described above; in column (IT) we change k(n) = 3, J,, = 4 and A,, = 0.0001;
in column (III) we change k(n) = 6, J,, = 7 and A, = 0.0002; in column (IV) we change A,, = 0.002.
We see that for all cases, the simulated size is very close to the NS.

We also compute the rejection probabilities of the null hypothesis as a function of r € {2/y/n,4/v/n},
where 7: ¢(0) = r; these are 33% and 88%, respectively. We note that since our functional is slower
than root-n, the deviations considered for r are indeed “small”.

Finally, we study the finite sample behavior of the bootstrap for this example. We employ
450 bootstrap evaluations, using the nonparametric bootstrap procedure, and 150 Monte Carlo
repetitions. We reduce the latter from 450 to 150 due to the computational time. For nominal sizes

of 10%, 5% and 1% we obtained a simulated p-value of 13%, 4% and 2%.
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NS\ Design  (I) I I (Iv)

1% 1.1%  05% 1.1% 1.3%
5% 4.0%  4.2% 3.6% 53%
10% 10.8% 11.0% 8.5% 11.8%

6.2 An Empirical Application

We apply our results to nonparametric quantile IV estimation of Engel curves. In particular,
following |Chen and Pouzd [2009a] (and references therein), we postulate the following model for
the Engel curves for food-in

E[I{Y1 < ho(Y2) | X] = 0.5

where Y7 is the budget share of a given household on food-in; Y5 is the log-total expenditure of
the household. This variable is endogenous, and thus we use X, the gross earnings of the head of
household, to instrument it. We also use ¥ = 0.25 (which is the optimal weighting matrix). We
work with the “no kids” sub-sample of the data set used in Blundell et al. [2007], which consists of
628 observations (see Blundell et al! [2007] for details about the dataset).

We construct the finite dimensional sieve Hj, using Polynomials of order 4 (we also tried Poly-
nomial Splines and results were very similar). We use the L? norm of the level and 1st derivative of
h as a penalty, with tuning parameters, A\, € {0.001,0.0005}. Finally, we use Hermite polynomials
of order 6 as the basis p”».

We use the fact that the SQLR associated to ¢(h) = h(yz) for any yo is asymptotically chi
square with one degree of freedom, to construct pointwise confidence bands. That is, for each ys
in the sample we construct a grid of points for the SQLR test; each of these points where the
value of SQLR test corresponding to h(y2) = 7; for (r;)32,. We then, take the smallest interval
that included all points r; which yielded a corresponding value of the SQLR test below the 95%
percentile of X%- E) Figure presents the results, where the solid blue line is the point estimate
and the red dashed lines are the 95% pointwise confidence bands. We can see that the confidence

bands get wider towards the extremes of the sample, but are tight enough to reject the hypothesis

that the Engel curve is upward sloping or even constant.

5The grid (ri)i=1 was constructed to have ri5 = ﬁn (y2), for all ¢ < 15 ri41 < 7; < 715 decreasing in steps of length
0.002 (approx) and for all ¢ > 15 r;41 > 7; > r15 increasing in steps of length 0.008 (approx); finally, the extremes,
r1 and 730, were chosen so the SQLR test at those points was above the 95% percentile of X?- We tried different
lengths and step sizes and the results remain qualititatively unchanged. For some observations, which only account
for less than 4% of the sample, the confidence interval was degenerate at a point; this result is due to numerical
approximation issues, and thus were excluded from the reported results.
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'''''

Figure 1: Point estimate of the Engle curve (blue solid line) with the 95% pointwise confidence

bands (red dashed lines).
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7 Conclusion

In this paper, for the general semi-nonparametric model (I.3]) that could be nonlinearly ill-posed and
for any functional ¢() that may or may not be root-n estimable, we provide computationally simple,
unified inference procedures on ¢(ag). We first establish the asymptotic normality of the plug-in
PSMD estimator ¢(a) of ¢(ap). For the model (L3) with (pointwise) smooth residuals p(Z;«a)
(in «), we propose a simple sieve variance estimator for possibly slower than root-n estimator
¢(a). For the model (L3]) with possibly (pointwise) non-smooth residuals p(Z; ) (in «), we show
that an optimally weighted SQLR statistic is asymptotically chi-square distributed under the null
hypothesis of ¢(ap) = ¢,. We also show that the non-optimally weighted SQLR statistic still has
a tight limiting distribution regardless of whether ¢(«y) is root-n estimable or not. Moreover, we
show that such a distribution can be consistently approximated using nonparametric bootstrap and
Bayesian bootstrap SQLR statistics. These results allow applied researchers to construct confidence
sets for ¢(ap) without the need to consistently estimate the asymptotic variance of ¢(a). A Monte
Carlo study and an empirical application of a nonparametric quantile IV regression demonstrate
the good finite sample performance of our SQLR based inference procedures.

In this paper, we establish the large sample theories for possibly irregular functionals under
conditions that allow for weakly dependent data and any consistent nonparametric estimator of the
conditional mean function m(X, a) = E[p(Z;a)|X]. We also provide low level sufficient conditions
when the data is i.i.d. and m(X, «) is estimated by a series least squares estimator. For regular
functionals of weakly dependent parametric time series models, |Andrewd [2002] and |Camponovo
[2012] establish the second order refinement of nonparametric bootstrap Wald and QLR statistics
respectively. We leave it to future work on higher order refinement of the bootstrap SQLR statistic

for time series semi-nonparametric conditional moment restrictions (L3)).
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